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On the Fermat’s Last Theorem1 

E. A. Asmaryan 

Introduction.The nearly 360-years history of attempts to prove Fermat's Last (or Great) 

Theorem  was crowned with success in 1995, when A. Wiles  published his epic proof [1]. 

However, the existence of simpler proof using classical algebraic methods is not excluded. 

In this paper the attempt of proof of this theorem is proposed with use of method applied by 

the author in [2]. This method takes into account the inner ties existing between 𝑥, 𝑦, 𝑧 in (1). 

A proof is adduced in following sequence: at first (part 1) we obtain the common formula for 

even and odd 𝑛, and then the analysis is provided for those two cases (part 2).  

1. The common formula for even and odd 𝒏. 

Fermat's Last Theorem affirms that the Diophantine Equation 
𝑥௡ + 𝑦௡ = 𝑧௡,  𝑛 > 1 is integer,    (1) 

has no solution in form of triple of positive integers 𝑥, 𝑦, 𝑧 when 𝑛 > 2. 

1.1. Let 𝒏 be even and, for definition, the even integer 𝒙 > 𝟐 is given. We suppose that 
positive integers 𝑦 and 𝑧 exist, which satisfy (1). Then 𝑦, 𝑧 are integers of the same parity, i.e., 
they are coupled together by expression: 

𝑧 = 𝑦 + 2𝑚,           𝑚 is integer     (1.1.1) 

Then (1) gives 

𝑥௡ + 𝑦௡ = (𝑦 + 2𝑚)௡     (1.1.2) 

Using Newton's binomial formula, we write 

𝑥௡ + 𝑦௡ = ∑ 𝐶௡
௤

𝑦௡ି௤ ∙ (2𝑚)௤௡
௤ୀ଴ = 𝑦௡ + (2𝑚)௡ + ∑ 𝐶௡

௤
𝑦௡ି௤ ∙ (2𝑚)௤௡ିଵ

௤ୀଵ , (1.1.3) 

and obtain equation connecting 𝑦 with  𝑥 and parameters 𝑚 and 𝑛. 

∑ 𝐶௡
௤

𝑦௡ି௤ ∙ (2𝑚)௤௡ିଵ
௤ୀଵ − [𝑥௡ − (2𝑚)௡] = 0   (1.1.4) 

Similarly, we obtain for z: 

− ∑ (−1)௤𝐶௡
௤

𝑧௡ି௤ ∙ (2𝑚)௤௡ିଵ
௤ୀଵ − [𝑥௡ + (2𝑚)௡] = 0    (1.1.5) 

(1.1.4) and (1.1.5) are algebraic equations with integer coefficients. Their integer solutions 
𝑦 and 𝑧, if they exist, must be divisors of free terms accordingly: 

𝑥௡ − (2𝑚)௡,  𝑥௡ + (2𝑚)௡,   𝑥 > 2𝑚   (1.1.6) 

So, we will suppose that there are positive integer solutions among divisors of (1.1.6). 

We can write these solutions as: 
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𝑦 =
௫೙ି(ଶ௠)೙

௞೤
, 𝑧 =

௫೙ା(ଶ௠)೙

௞೥
 , 𝑘௬ ≥ 𝑘௭,  (1.1.7) 

where 𝑘௬ and 𝑘௭ are positive integers. They are divisors (1.1.6) also, but are not obliged to 

be solutions for (1.1.4) and (1.1.5). 

Inserting expected solutions (1.1.7) in (1) and (1.1.1), we obtain: 

[௫೙ା(ଶ௠)೙]

௞೥
೙

௡

−
[௫೙ି(ଶ௠)೙]

௞೤
೙

௡

= 𝑥௡     (1.1.8) 

௫೙ା(ଶ௠)೙

௞೥
−

௫೙ି(ଶ௠)೙

௞೤
= 2𝑚     (1.1.9) 

Excluding 𝑘௭ from (1.1.8) and (1.1.9), we obtain: 

ଵ

௞೤
೙ ൛ൣ𝑥௡ + 2𝑚𝑘௬ − (2𝑚)௡൧

௡
− [𝑥௡ − (2𝑚)௡]௡ൟ = 𝑥௡,   (1.1.10) 

or, using Newton's binomial formula,  

ଵ

௞೤
೙ ൛∑ 𝐶௡

௤
𝑥௡(௡ି௤) ∙௡

௤ୀ଴ ൣ2𝑚𝑘௬ − (2𝑚)௡൧
௤

− ∑ (−1)௤𝐶௡
௤

𝑥௡(௡ି௤) ∙ (2𝑚)௡௤௡
௤ୀ଴ ൟ = 𝑥௡ 

(1.1.11) 

1.2. Let 𝒏 be odd and 𝒙 be even. 

Then again 𝑧 = 𝑦 + 2𝑚 and we obtain equations for 𝑦 and 𝑧: 

∑ 𝐶௡
௤

𝑦௡ି௤ ∙ (2𝑚)௤௡ିଵ
௤ୀଵ − [𝑥௡ − (2𝑚)௡] = 0   (1.2.1) 

− ∑ (−1)௤𝐶௡
௤

𝑧௡ି௤ ∙ (2𝑚)௤௡ିଵ
௤ୀଵ − [𝑥௡ − (2𝑚)௡]=0   (1.2.2) 

We suppose again, that positive integer solutions of (1.2.1) and (1.2.2) exist. They must be 

divisors of the free terms of (1.2.1) and (1.2.2) 

We can write these solutions as: 

𝑦 =
௫೙ି(ଶ௠)೙

௞೤
, 𝑧 =

௫೙ି(ଶ௠)೙

௞೥
 ,         𝑥 > 2𝑚,         𝑘௬ > 𝑘௭,  1.2.3) 

where 𝑘௬ and 𝑘௭ are positive integers. 

 

We obtain from (1) and (1.1.1): 

[௫೙ି(ଶ௠)೙]

௞೥
೙

௡

−
[௫೙ି(ଶ௠)೙]

௞೤
೙

௡

= 𝑥௡     (1.2.4) 

௫೙ି(ଶ௠)೙

௞೥
−

௫೙ି(ଶ௠)೙

௞೤
= 2𝑚     (1.2.5) 

Excluding 𝑘௭ from (1.2.4) and (1.2.5) we obtain: 

ଵ

௞೤
೙ ൛ൣ𝑥௡ + 2𝑚𝑘௬ − (2𝑚)௡൧

௡
− [𝑥௡ − (2𝑚)௡]௡ൟ = 𝑥௡,   (1.2.6) 

or, using Newton's binomial formula,  

ଵ

௞೤
೙ ൛∑ 𝐶௡

௤
𝑥௡(௡ି௤) ∙௡

௤ୀ଴ ൣ2𝑚𝑘௬ − (2𝑚)௡൧
௤

− ∑ (−1)௤𝐶௡
௤

𝑥௡(௡ି௤) ∙ (2𝑚)௡௤௡
௤ୀ଴ ൟ = 𝑥௡ (1.2.7) 

We see, that formulas (1.1.10) and (1.2.6) are the same in form, i.e., they are the common 

formula for even and odd n. 
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2. Further we analyze this formula for even and odd n.  

At first, we will choose the more convenient form of common formula for analysis. 

2.1. Let 𝒏 𝒃𝒆 𝒆𝒗𝒆𝒏.   In this case the formula (1.1.11) is more convenient for analysis. In 

addition, we can determine 𝑘௬ in this case.  

Representing ∑௡
௤ୀ଴  in (1.1.11) as two sums (over odd and even 𝑞) we obtain: 

∑௡
௤ୀ଴ = ∑௡

௤೐ೡୀ଴ + ∑௡ିଵ
௤೚೏೏ୀଵ     (2.1.1) 

Then (1.1.11) will be: 

ଵ

௞೤
೙ ∑ 𝐶௡

௤
𝑥௡(௡ି௤)௡

௤೐ೡୀ଴ ∙ ൛ൣ2𝑚𝑘௬ − (2𝑚)௡൧
௤

− (2𝑚)௡௤ൟ + ൤
ଵ

௞೤
೙ ∑ 𝐶௡

௤
𝑥௡(௡ି௤)௡ିଵ

௤೚೏೏ୀଵ ൛ൣ2𝑚𝑘௬ −

−(2𝑚)௡൧
௤

+ (2𝑚)௡௤ൟ − 𝑥௡൨ = 0     (2.1.2) 

 (1.1.11) is, in fact, the representation of given number 𝑥௡ as a sum of its different 

powers (from 𝑛 to 0) with corresponding coefficients. The term ~(𝑥௡)ଵ presents in 

(2.1.2) only in ∑௡ିଵ
௤೚೏೏ୀଵ  at 𝑞 = 𝑛 − 1. The left side of (2.1.2) is the sum of two 

expressions: ∑௡
௤೐ೡୀ଴  and expression in big square brackets. ∑௡

௤೐ೡୀ଴  cannot be 

negative since the expressions being summarized in  them are non-negative, which 

may be shown comparing (1.1.10) with (1.1.8) and (1.1.9).  It is obvious, that the 

expression in big square bracket in (2.1.2) cannot be negative also. Hence, each of two 

expressions in (2.1.2) (i.e., sum ∑௡
௤೐ೡୀ଴  and expression in big square brackets) must 

be equal to 0. Then the following condition must be fulfilled for all 𝑞௘௩: 

ൣ2𝑚𝑘௬ − (2𝑚)௡൧
௤೐ೡ

− (2𝑚)௡௤೐ೡ = 0, i.e. 2𝑚𝑘௬ − (2𝑚)௡ = ±(2𝑚)௡  (2.1.3) 

Since 𝑘௬ ≠ 0, in (2.1.3) we take only + sign and get: 

𝑘௬ = 2 ∙ (2𝑚)௡ିଵ      (2.1.4) 

We can see from (1.1.9), that then 

𝑘௭ = 𝑘௬ = 2 ∙ (2𝑚)௡ିଵ     (2.1.5) 

Under the condition (2.1.3) we have from (2.1.2): 

ଵ

௞೤
೙ ∑ 𝐶௡

௤
2 ∙ (2𝑚)௡௤௡ିଵ

௤೚೏೏ୀଵ 𝑥௡(௡ି௤) = 𝑥௡     (2.1.6) 

Since all terms of ∑௡ିଵ
௤೚೏೏ୀଵ  are positive, this sum must have only term with 𝑞 = 𝑛 − 1. At 

the same time, it will be the first term (𝑞 = 1) also, i.e., must be: 

𝑛 − 1 = 1, 𝑛 = 2      (2.1.7) 

We can get this result analytically. Indeed, the coefficient at 𝑥௡ in the term 𝑞 = 𝑛 − 1 in 

(2.1.6) must be equal 1, i.e.: 
ଵ

௞೤
೙ 𝐶௡

௡ିଵ2 ∙ (2𝑚)௡(௡ିଵ) = 1     (2.1.8) 

Then   𝑘௬
௡ = 2𝑛 ∙ (2𝑚)௡(௡ିଵ)      (2.1.9) 
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Raising (2.1.4) in power 𝑛 and comparing with (2.1.9), we obtain the equation for 𝑛: 

2௡ = 2𝑛       (2.1.10) 

The only even solution of (2.1.10) is 𝑛 = 2. Hence the equation (2.1.2.) and, accordingly, 

equation (1) are fulfilled only by even 𝑛 = 2.  

2.2. For odd 𝒏 we represent (1.2.7) as: 

∑௡
௤ୀ଴ = ∑௡ିଵ

௤೐ೡୀ଴ + ∑௡
௤೚೏೏ୀଵ      (2.2. 1) 

and obtain: 

ଵ

௞೤
೙ ∑ 𝐶௡

௤
𝑥௡(௡ି௤)௡ିଵ

௤೐ೡୀ଴ ∙ ൛ൣ2𝑚𝑘௬ − (2𝑚)௡൧
௤

− (2𝑚)௡௤ൟ + ൤
ଵ

௞೤
೙ ∑ 𝐶௡

௤
𝑥௡(௡ି௤)௡

௤೚೏೏ୀଵ ൛ൣ2𝑚𝑘௬ −

−(2𝑚)௡൧
௤

+ (2𝑚)௡௤ൟ൨ = 𝑥௡     (2.2. 2) 

Since 𝑘௬ is supposed to be a positive number, then in (2.2.2) the expression in ∑௡
௤೚೏೏ ୀଵ  

cannot be equal to 0: 

[2𝑚𝑘௬  −   (2𝑚)௡]௤೚೏೏  +   (2𝑚)௡௤೚೏೏  ≠ 0, for all  𝑞௢ௗௗ  (2.2.3) 

Also, as it follows from (2.2.3), in ∑௡ିଵ
௤೐ೡ ୀ଴   

[2𝑚𝑘௬  −   (2𝑚)௡]௤೐ೡ −    (2𝑚)௡௤೐ೡ  ≠ 0, for all  𝑞௘௩ ,  except   𝑞 =  0  (2.2.4) 

The representation (2.2.2) on conditions (2.2.3) and (2.2.4) doesn’t give the possibility for 

definition of 𝑘௬ and is ineffective for analysis in case of odd  𝑛 (in contrast to case of even 

n). Then further we will analyze direct the common formula in form (1.2.6). 

2.3. Note that common equation (1.2.6) is satisfied when 2𝑚 = 𝑥, both for even and odd 𝑛. 

But in this case 𝑦 = 0, because at 2𝑚 = 𝑥 equation (1) becomes 𝑥௡ + 𝑦௡ = (𝑥 + 𝑦)௡, which 

is true only at 𝑦 = 0 (or 𝑛 = 1). Hence, the case 2𝑚 = 𝑥, doesn’t correspond to requirements 

of Fermat’s theorem. Then we must clear up whether the other 2𝑚௜ < 𝑥, satisfying (1.2.6), 

exist.  

In (1.1.6) and (1.2.3) we have already supposed that 2𝑚 < 𝑥, which is necessary for 

positivity of 𝑦 and 𝑧. Here we apply this condition in evident form introducing the parameter 

𝛽௜  as: 

2𝑚௜ = 𝑥𝛽௜,            𝛽௜ < 1   is rational               (2.3. 1) 

Then (1.2.6) will be written as      

 

ଵ

௞೔೤
೙ {൤𝑥௡ ቂ(1 −   β௜

௡)  +  
௞೔೤

𝒳೙షభ
𝛽௜ቃ൨

௡

−  [𝑥௡(1 −   β௜
௡)]௡}  = 𝑥௡    (2.3. 2) 
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After simple transformations we obtain: 

𝑥௡ = 𝑥௡β௜
௡{[1 + (1 −   β௜

௡)
𝒳೙షభ

ఉ೔௞೔೤
 ]௡ −  [((1 −  β௜

௡)
𝒳೙షభ

ఉ೔௞೔೤
]௡}   (2.3. 3) 

Further we will analyze (2.3.3) for all 𝑛, when 1 −  β௜
௡ >0.  

2.3(a) Let n=2. Then (2.3.3) gives: ൫1 − 𝛽௜
ଶ൯ ൬1 −

ଶఉ೔௫

௞೔೤
൰ = 0,     

         or                         ൬1 −
ଶఉ೔௫

௞೔೤
൰ = 0, since ൫1 − 𝛽௜

ଶ൯ ≠ 0         (2.3. 4)                                                             

Substituting (2.1.4) and (2.3.1) in (2.3.4) we obtain the identity 1-1=0, i.e. (2.3.3) is fulfilled 

for all 𝛽௜(or 2𝑚௜) determined as (2.3.1).  But we will choose only those 2𝑚௜, which make y 

and z to be positive integers. As it seen from (1.1.7), they are those 2𝑚௜, which are the even 

divisors      of    𝒳మ

ଶ
 ,  less than x (the result, obtained in [2] for Pythagorean triples). 

2.3(b) Let n>2 

In this case taking again 1 −   β௜
௡ >0, we obtain from (2.3.3): 

 

               ∑ 𝐶௡
௤௡ିଵ

௤ୀଶ 𝛽௜
௡ି௤(1 −   β௜

௡)௤ିଵ ൬
𝒳೙షభ

௞೔೤
൰

௤

= 1 − 𝑛
(ଶ௠೔)೙షభ

௞೔೤
                              (2.3. 5)                                                                          

Let n be even. Then, according to (2.1.4), 
(ଶ௠೔)೙షభ

௞೔೤
=

ଵ

ଶ
,  and the right side of (2.3. 5) will be:  

                                                            
ଶି௡

ଶ
                                                       (2.3. 6)      

For  𝑛 > 2  the right side of (2.3. 5) is negative, whereas left side is positive, which means 

that for even 𝑛 > 2  (2.3.5) cannot be fulfilled by any rational 𝛽௜ <1.  Therefore, the Fermat’s 

equation (1) does not take place when even  𝑛 > 2.      

Let n be odd. 

Since 𝑘௜௬ is  not determined for odd n, we adduce the next consideration. 

The odd number n lies between even numbers n-1 and n+1. The comparison of (2.3. 5) for 

n-1 and n+1 shows that the second term in right side of (2.3.5) increases from 
௡ିଵ

ଶ
  to 

௡ାଵ

ଶ
 , as 

it follows from (2.1.4). 

Since (2.3.5) has the same structure for all even and odd n, then with the increase from n-1 

to n (i.e., from even to nearest odd number), the value of this second term on the right side must 

increase also, and this increased value will lie between  
௡ିଵ

ଶ
   and 

௡ାଵ

ଶ
             

Then for odd n we can write 

                                        
௡ିଵ

ଶ
 < 𝑛

(ଶ௠೔)೙షభ

௞೔೤
<௡ାଵ

ଶ
 ,                             (2.3.7) 

Accordingly,   
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                              1 −
௡ିଵ

ଶ
 > 1 − 𝑛

(ଶ௠೔)೙షభ

௞೔೤
>1 −

௡ାଵ

ଶ
         (2.3.8)   

or 

                                                
ଷି௡

ଶ
 > 1 − 𝑛

(ଶ௠೔)೙షభ

௞೔೤
>

ଵି௡

ଶ
                              (2.3.9)                         

Then, at odd 𝑛 > 1 (2.3.5) cannot be fulfilled by any rational 𝛽௜ < 1, since its right side 

is negative, whereas the left side is positive (we would remind that 𝑘௜௬ > 0. However, its concrete 

value does not matter in this case). Therefore, the Fermat’s equation (1) also does not take place 

when n is odd. 

3. Till now we considered the case when the given number 𝑥 was even. When 𝑥 is odd, then 

𝑦 and 𝑧, if they exist as solution of (1), must be numbers of different parity, i.e.:  

𝑧 = 𝑦 + (2𝑚 + 1), 𝑚 ≥ 0,    (3.1) 

In order to get the necessary formulas in this case, the substitution 2𝑚 → 2𝑚 + 1 must be 

made in correspondent formulas in the parts 1, 2 (common formula (1.2.6), etc.). Then we come 

to the same results and conclusions, as for even 𝑥.  

 

Conclusion 
Summarizing, we note that the approach used in this paper is that having a given arbitrary 

positive integer 𝑥, we study the possibility of existence of a pair of other positive integers 𝑦, 𝑧, 

which, together with 𝑥, satisfy Fermat’s equation (1) and are related to each other by relations 

(1.1.1) (if 𝑥  is even) or (3.1) (if 𝑥 is odd). Then we obtain the common (for even and odd n) 

equation (1.2.6), investigation of which shows that the required 𝑦, 𝑧 exist only at n = 2. 
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